The experimental test of Bell's inequality is mainly focused on Clauser-Horne-Shimony-Holt (CHSH) form, which provides a quantitative bound, while little attention has been paid on the violation of Wigner inequality (WI). Based on the spin coherent state quantum probability statistics we in the present paper extend the WI and its violation to arbitrary two-spin entangled states with antiparallel and parallel spin-polarizations. The local part of density operator gives rise to the WI while the violation is a direct result of non-local interference between two components of the entangled states. The Wigner measuring outcome correlation denoted by W is always less than or at most equal to zero for the local realist model (W lc ≤ 0) regardless of the specific initial state. On the other hand the violation of WI is characterized by any positive value of W , which possesses a maximum violation bound Wmax = 1/2. We conclude that the WI is equally convenient for the experimental test of violation by the quantum entanglement.
Introduction
The non-locality 1, 2 as one of the most striking characteristic of quantum mechanics does not have classical correspondence within our intuition of space and time in the classical field theory. Quantum entangled-state, which originally was introduced by Einstein-Podolsky-Rosen to question the completeness of quantum mechanics, has become a key concept of quantum information and computation. [3] [4] [5] [6] [7] From a two-spin entangled state proposed by Bohm, 8 Bell proved a quantitative criteria between the quantum and classical measuring-outcome correlations 9 known as Bell's inequality (BI). It was established by means of classical statistics with the assumption of hidden variable. The BI, which plays a fundamental role in quantum entanglement, has attracted great attentions both theoretically and experimentally.
10-14
Bell nonlocality and quantum entanglement in two-qubit spin model are also measured by use of measurement induced disturbance and quantum discord. 15 The experimental evidence [13] [14] [15] [16] [17] [18] [19] [20] [21] confirming the violation of BI provides an overwhelming superiority for the non-locality in quantum mechanics against the proposition of local realism. 22, 23 In various modified forms of the BI, the Clauser-Horne-Shimony-Holt (CHSH) inequality 24 is of particular interesting to the experimental test, since it provides a quantitative bound of the four-direction measuring-outcome correlation P lc CHSH ≤ 2 for the local realist theory. The inequality can be violated by the two-spin entangled state with a maximum violation known as P max CHSH = 2 √ 2. Recently a quantum mechanical framework was presented to formulate the various forms of BI and their violation in a unified formalism. 25, 26 The density operator of a bipartite entangled-state is separated into the local and non-local (interference) parts. The measuring outcome correlation is then evaluated by the quantum probability statistics in the spin coherent-state base vectors along the measuring directions. 27, 28 The local part gives rise to the local-realist correlation, which results in the BI, while the non-local one is responsible for the violation. For the arbitrary high spins a spin-parity effect in the violation of BI is found 25, 26 as a result of Berry phase interference of spin coherent states.
The Wigner inequality 29, 30 (WI) is a simpler form, in which the particle number probability of positive spin is measured. We in the present work reformulate the WI and its violation for arbitrary two-spin entangled states with both antiparallel and parallel polarizations. 31, 32 The measuring outcome correlation is evaluated by the spin coherentstate quantum probability statistics. Although the WI is simple it attracts a little attention of experimenters.
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The reason may be that it lacks a quantitative bound, which is convenient for the experimental verification. Following CHSH we propose a Wigner correlation W , which is less then or at most equal to zero (equivalent to the WI) according to the local realism. The maximum violation of WI is also found for the arbitrary two-spin entangled states with both antiparallel and parallel polarizations.
2. Spin coherent-state quantum probability statistics for measuring outcome correlation
The original BI and the modified form CHSH inequality are derived based on classical statistics with hidden variable assumption. In previous publications 25, 26 the Bell-type inequalities and their violation are formulated in a unified manner by means of the spin coherent-state quantum probability statistics. The density operator of an entangled state for a bipartite system can be separated to the local (or classical) and non-local (or quantum coherent) parts. The former part gives rise to the local realist bound of measuring outcome correlation, namely the BIs, while the latter part leads to the violation of the inequalities. We begin with an arbitrary two-spin entangled state of antiparallel polarization in the basesσ z |± = ±|± that
where the normalized coefficients can be generally parameterized as c 1 = e iη sin ξ, c 2 = e −iη cos ξ. We assume that two spins are separated to a space-like distance when the entangled state is prepared. The density-operatorρ of entangled state can be divided into two partsρ =ρ lc +ρ nlc .
The local partρ lc = sin 2 ξ|+, − +, −| + cos 2 ξ|−, + −, +| , which is the classical two-particle probability-density operator, describes the individual spin of the bipartite system separated remotely. While what we called the non-local part
is the quantum coherence density-operator between two remote spins.
Spin measuring outcome correlation and violation of BI
The measurements of two spins are performed independently along two arbitrary directions, say a and b. The measuring outcomes fall into the eigenvalues of projection spin-operatorsσ · a andσ · b, i.e.
according to the quantum measurement theory. Solving the eigenvalue equation for each direction denoted by r = a, b, we have two orthogonal eigenstates given by
In the above solutions the general unit vector r = (sin θ r cos φ r , sin θ r sin φ r , cos θ r ) is parameterized by the polar and azimuthal angles θ r , φ r in the coordinate frame with z-axis along the direction of the initial spin-polarization. The two orthogonal states | ± r are known as spin coherent states of north-and south-pole gauges. 27, 28, 36 The eigenstate product of operatorsσ · a andσ · b forms an outcome-independent vector base for measuring two spins respectively along the a, b directions. We label the four base vectors as
for the sake of simplicity. The measurement correlation operator is denoted bŷ
The correlation probability 25, 26 is obtained as
which can be also separated to local and non-local parts
and
In terms of the outcome-independent base vectors given by Eq. (4) we derive the well known measurement correlation for the local realist model
which independent of the state parameters ξ, η is valid for arbitrary normalized entangled states Eq.(1). The BI and CHSH inequalities are recovered with this correlation. 25, 26 The non-local part found as
however depends on the specific states. The violation of BI is seen to be a direct result of the non-local correlation. Particularly when the initial entangled state is the two-spin singlet
with the state parameters ξ = (3π/4) mod 2π and η = 0 mod 2π, the total correlation P (a, b) becomes a scaler product of the two unit vectors
from which the BIs are violated. A maximum violation value for the CHSH correlation is found as
2.2 Particle-number correlation probability
The particle-number correlation probability is considered in the Wigner formalism instead of the spin measuring outcome correlation. For example N (+a, +b) = | +a, +b|ψ | 2 = +a, +b|ρ| + a, +b = ρ 11 (6) describes the particle number correlation probability for two positive-spin particles respectively along a, b directions. The WI can be recovered in terms of the quantum probability statistics with the particle number correlation N lc (+a, +b) = ρ lc 11 of local realist model. Correspondingly three more correlations are related to the elements of density operator by
which are all positive quantities different from the spin measuring-outcome correlations.
3. Wigner inequality and upper-bound of violation for two-spin entangled state with antiparallel spin-polarization
We consider the two-spin entangled state with antiparallel spin-polarization in Eq.(1). The WI is given by 25, 29 N lc (+a, +b) ≤ N lc (+a, +c) + N lc (+c, +b) (8) in which only the number probability of positive spin is assumed to be detected along all three directions (a, b, and c) for both particles. From the viewpoint of symmetry we extend the original inequality Eq. (8) to that including also the number probability of the negative spin. The particle number correlation-probability along two directions a, b can be obtained in terms of Eq. (6) and Eqs. (7) N (±a, ±b) = N lc (±a, ±b) + N nlc (±a, ±b).
for the arbitrary entangled state Eq.(1) with two particles of both positive and negative spins respectively. Following the same procedure in the above section we have N lc (+a, +b) = ρ
It is a simple algebra to find
which depend on the state parameter ξ. The correlation probabilities of two-direction measurements are different for the positive and negative spin particles. However, we are going to show an interesting fact that the WI itself is independent of the state parameter ξ. It is also the same no matter whether the positive or negative spin particles are measured.
To have a quantitative bound for the violation of WI, we following CHSH define a correlation probability for the three-direction measurement
Then the original form of WI is equivalent to 0 ≥ W lc .
Substitution of the corresponding correlations N lc (±a, ±b), N lc (±a, ±c) and N lc (±c, ±b) into W lc yields
for both positive and negative spins. From Eq.(11) we can verify after a simple algebra the inequality that
Therefore the original form 29 of WI is satisfied not only for detection of the positive but also the negative spin particle-numbers.
The non-local part of correlation is N nlc (+a, +b) = ρ 
which depends on the state parameters ξ, η. Including the non-local part the three-direction correlation probability becomes
where the non-local part
depends also on the state parameters. We now analyze the violation of WI by the non-local part of correlation W nlc . Since the polar angles are restricted by 0 ≤ θ ⋖ π, the non-local probability of Eq. (13) obeys the following inequality
On other hand the local part Eq. (11) can be rewritten as
Adding them together we obtain an inequality obeyed by the Wigner correlation that
where
Since the function F (θ a , θ b , θ c ) can be greater than zero, the WI is then violated. It is easy to prove that
We thus derive a maximum violation bound
which is universal for arbitrary entangled state and any three-direction measurements. As a matter of fact, for the state-parameter angles ξ = π/4 mod 2π and η = 0 mod 2π, the two-spin entangled state becomes the two-spin triplet with the vanishing magnetic-eigenvalue m = 0 that
Corresponding non-local part of measuring outcome probability becomes
If θ a = θ c = θ b = π/2, φ a = φ b = π, φ c = 0, namely a, b, c are perpendicular to the original spin polarization with a, b along −x-directions c along x-direction, the Wigner correlation reaches, in this case, the maximum violation bound, W max = 1/2.
Parallel spin polarization
We now consider the two-spin entangled state with parallel polarization We find that particles with opposite spins have to be detected respectively for the two directions, namely
. The local part of particle-number correlation with positive-spin particle detected in a-direction and negative-spin in b-direction is evaluated as
= N lc (+a, +b), which equals exactly the correlation probability N lc (+a, +b) in Eq. (9) for the antiparallel case. While the local correlation-probability for a-direction negative and b-direction positive is 
29, 30
The non-local parts, which result in the violation of WI, are evaluated from the density operator elements of entangled state with parallel spin-polarization, such that We find that the interchange of detecting positive and negative spin particles in the two directions gives rise to the same result that
The total non-local part for three-direction measurements is seen to be
− sin θ a sin θ c cos (φ a + φ c + 2η)
Following the same procedure of analyses as in the antiparallel case we again have the maximum violation bound W max = 1/2. Thus we conclude that WI and its violation are universal for arbitrary two-spin entangled states with both antiparallel and parallel spin-polarizations. As an example we consider a particular entangled state
resulted by the parameter angles ξ = π/4 mod 2π and η = 0 mod 2π. Corresponding non-local part of correlation probability in Eq. (17) becomes
The maximum violation W max = 1/2 can be approached when θ a = θ c = θ b = π/2, φ a = φ b = π/2, φ c = 3π/2, namely the three measuring directions are colinear with a, b along y-direction and c along −y-direction in the chosen coordinate frame with initial spin-polarization in z-axis.
Conclusion and Discussion
By means of the spin coherent-state quantum probability statistics, the original WI is extended to arbitrary two-spin entangled states with antiparallel and parallel spin polarizations. For the antiparallel case both positive or both negative spin particles ought to be detected respectively in three directions. While opposite spin measurements are necessary for the parallel case. The Wigner correlation W lc is always less than or at most equal to zero by the local realist-theory. A maximum violation W max = 1/2 is found for arbitrary two-spin entangled states with both parallel and antiparallel spin-polarizations. The measured violation-value depends on specific state, which is parameterized by parameters ξ and η, and also on the measuring directions. The positive and negative spin particles can be detected by the Stern-Gerlach experiment with a gradient magnetic-field. A loophole-free experimental verification of the violation of CHSH inequality was reported recently by means of electronic spin associated with a single nitrogen-vacancy defect centre in a diamond chip. 37 The experimental verification of the WI violation is also expected. We conclude that the WI is equally convenient for the experimental verification of its violation. It may be more suitable for any bipartite systems besides the two spins since only particle number probabilities are needed for detection but not the spin variables. Although our formalism is based on two-spin entangled state, the result can be used for the two-photon entangled states with perpendicular polarizations. 
